Coefficient rings of multidimensional torus extensions  by Krempa, Jan
JOURNAL OF ALGEBRA 105, 6(r75 (1987) 
Coefficient Rings of Multidimensional 
Torus Extensions 
JAN KREMPA 
Department of Mathematics, University of Warsaw, 
Palac Kultuay i Nauki, Warsaw, Poland 
Communicated by I. N. Herstein 
Received September 10, 1984 
INTRODUCTION 
In this paper commutative rings with unity and unital homomorphisms 
will be considered. By X, Y we always mean torsion-free abelian groups, 
with a subscript specifying the rank, if necessary. We intend to investigate 
homomorphisms between group rings of such groups. We apply the 
notation and standard results from [6, 121. 
We will often make use of homomorphisms cp: AX-t BX with an 
additional property: q(x) = x for all XE X. We agree to call them X- 
homomorphisms. 
As usual, we call a ring A X-invariant if for any ring B we have A z B 
whenever the group rings AX, BX are isomorphic. One can also introduce 
two other types of X-invariance which are more effective in a sense. A ring 
A is strongly X-invariant provided for any ring B and isomorphism 
‘p: AX -+ BX there exists a B-automorphism CT: BX + BX such that aqo is an 
X-homomorphism. Also, a ring A is totally X-invariant if for any ring B and 
isomorphism ‘p: AX -+ BX we have q(A) = B. The both types of invariance 
have been considered for group rings or polynomial rings in [ 1, 4, 7, 131, 
although not necessarily under the same names. 
It is easy to see that any totally X-invariant ring is strongly X-invariant, 
and also that all strongly X-invariant rings are just X-invariant. One can 
observe that A is strongly X-invariant if and only if for any isomorphism 
cp: AX+ BX the set q(X) is a B-module basis for BX. 
Our goal is to prove that all results concerning the three types of 
invariance which are valid for the infinite cyclic group remain true for an 
arbitrary free abelian group of finite rank. Group rings of such groups can 
be interpreted in algebraic geometry as multidimensional torus extensions. 
In particular the invariance properties can be studied in this context. Our 
results show that one can reduce to the case of one-dimensional torus. 
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In Section 4 and 5 we demonstrate that further generalization of our 
results about free abelian groups to arbitrary torsion free groups is, in 
general, impossible. 
1. PRELIMINARIES 
We start with a brief review of some notions and results. We recall that 
each idempotent of AX lies necessarily in A. This leads to the following 
PROPOSITION 1.1. Let e he a nontrivial idempotent of A. Then 
(a) A is strongly X-invariant iff eA, (1 - e)A are strongly X-invariant 
(b) A is totally X-invariant iff eA, (1 - e)A are totally X-invariant. 
Proof of Case (a). Let A be strongly X-invariant and let 
cp: (eA)X-+ BX be an isomorphism. Set C= Bx (1 -e)A. Now cp together 
with id: (1 -e) AX + (1 -e) AX give rise to an isomorphism Cp: AX + CX. 
By assumption, we have to our disposal a C-automorphism 5: CX + CX 
such that ocp is an X-homomorphism. Call u the restriction of 6 to BX. 
Now cr’p is an X-homomorphism, i.e., eA is strongly X-invariant. Sub- 
stituting 1 - e for e we obtain that (1 - e)A is strongly X-invariant as well. 
Now assume that eA and (1 - e)A are strongly X-invariant. Let 
cp: AX + BX be an isomorphism. Write f = q(e). As f E B so 
BXzfBX@(l-f)BX. 
Obviously q~ respects this decomposition and so it can be written as 
cp=cp1x(p2 for some isomorphisms q,:eAX-+fBX, cp,:(l-e)AX+ 
( 1 - f) BX. By assumption, we have the corresponding automorphisms 0, 
and oz such that G, o(p,, oz 0 cpz are X-homomorphisms. Finally, set 
4x) = OI(fX) + a,((1 -.f)x) for XGX. 
The B-automorphism CJ defined in this way, when composed with cp, gives 
an X-automorphism. This completes the proof of case (a). The proof of 
case (b) is similar. 1 
COROLLARY 1.2. Let A = A, @ . . . @A,. The ring A is strongly (totally) 
X-invariant iff each A, is strongly (totally) X-invariant. 
If P(R) denotes the prime radical (nilradical) of R then 
P(AX)= (P(A))X. Moreover, each minimal prime ideal of AX is of the 
form IX for some minimal prime ideal Z in A. 
We also write U(R) for the group of invertible elements in R. Let 
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E= {e,,..., e,} be a decomposition of the unity element in a ring A, i.e., a 
decomposition into a sum of orthogonal idempotents. If 1.4 E U(AX) then we 
say that E splits u if there exist u E U(A), xi ,..., x, E X (not necessarily dif- 
ferent) and p E P(AX) such that 
For brevity, we agree to call any such presentation of u standard. It is 
proved in [ 1 l] (see also [7,9]) that standard presentations exist and are, 
to some extend, unique. In particular we call IA E U(AX) elementary if it is 
splitable by E = (1 }. Such units forms a subgroup in U(AX), denoted 
further by U,,(AX). 
Like in [lo] we call a homomorphism q: AX+ BY elementary if 
q(x) G U,,(BY). When X and Y are of finite rank such homomorphisms 
constitute the building blocks for all homomorphisms AX+ BY. 
LEMMA 1.3. Let X, Y be groups of finite rank and let cp: AX+ BY be an 
isomorphism. Then there exist ideals Ai c A, Bi E B for 1 < i < n, such that 
A=A,@ ... @A,,, B=B,@ ... @B,,, 
and 
91 A,X: A,X+ B,Y 
as well as 
d&Y: BiY+ A,X 
are elementary homomorphisms. 
Proof: One follows the same path as in the proof of Lemma 2.1 in [lo] 
and additionally uses the fact that z? E U,,( AX) implies ZJ E UJAX) (cf. 
[9, 111). It is known that the rank assumption above is necessary even if 
we restrict to A-isomorphisms; see [9]. 1 
Now, let cp: AX+ BY be an elementary homomorphism. Then for any 
x E X there exists a unique y E Y such that q(x) = uy + p where v E U(B) 
and PE P(BY). We denote this element y by h,(x). It is easy to see that 
h, : X+ Y defined above is a group homomorphism. The role of this 
function in the study of homomorphisms between group rings is illustrated 
by the following result, proved in fact by Lantz in [ 1 I] (see also [9]). 
THEOREM 1.4. Let cp be an elementary A-endomorphism of AX. Then 
(a) if cp is an automorphism then h, is an automorphism, 
(b) if h, is an automorphism and either A is reduced or X is finitely 
generated then rp is an automorphism. 1 
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COROLLARY 1.5. Let A be a reduced ring and let cp: AX + A Y be an 
elementary A-isomorphism. Then X is isomorphic to Y. 
Proof: We notice that h, is the required isomorphism. 1 
2. CHANGE OF RANK THEOREMS 
In this section we always assume that X is a free abelian group of finite 
rank. We start from a characterisation of rings which are strongly X- 
invariant. 
THEOREM 2.1. A ring A is strongly X-invariant iff for any ring B and 
isomorphism rp: AX+ BX holds (p(A(A)) G U(B) + P(BX). 
Proof. Let A be a strongly X-invariant ring and cp: AX 5 BX. As the 
group U(B) + P(BX) is preserved by B-automorphisms so without loss of 
generality we can assume that cp is an X-homomorphism. Take u E U(A) 
and consider the standard presentation of q(u): 
q(u) = u. 1 e,x, + p, 
Assume that some x,, say x,, is different from 1. Write e = e, and 
f= cp ‘(e). Then cp induces an X-isomorphism fAX+ eBX such that 
cp(fu) = vex, + p’ with p’ E P(eBX). 
Pick a basis { y, ,..., y,} for X so that x, = y’; for some k > 0. Consider the 
A-endomorphism z of AX given by 
~(Yl)=fuYl and z(yr)=yi for i> 1. 
Then cpr is an elementary isomorphism fAX + eBX. From Proposition 1.1. 
We conclude that fA is strongly X-invariant. Thus there exists an eB- 
automorphism CK eBX + eBX such that crcpr is an X-homomorphism. 
Therefore am’ = cpr(x) and in particular: 
a-~‘(y,)=cp(fuy,)=PI?y:+‘+p”, 
a-‘(Y;) = Y; for i> 1, 
where p” E P(eBX). From this it easily follows that c- ’ is an elementary 
automorphism of eBX, but h,-l is not an automorphism of X. This con- 
tradicts Theorem 1.4. In this way we have shown that 
cp(a)=v+p with v E U(B), p E P( BX). 
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For the converse, let A be a ring such that for all rings B and for all 
isomorphisms q: AX+ BX holds 
cp( U(A)) G L’(B) + P(BX). 
Fix one such cp. In view of Lemma 1.3 and Corollary 1.2 we can assume 
that cp and cp ~ ’ are elementary. Thus h, is an endomorphism of X. Let 
XEX. We can write cp-r(x)=uy+p with UEU(A), VEX, and REP. 
In particular x = q(u). cp( y) + p(p). By assumption, q(u) = rr + p, with 
u1 E U(B), pi EP(BX). Because cp is elementary, we also get 
q(y)= u2x2 + p2 where VIE U(B), x,EX, pze P(BX). Putting all these 
together we obtain 
x=v,v,x,+q for some q E P( BX). 
This implies x2 = x, thus h,+,(y) = x and so h, is a surjection. Because X is 
finitely generated, so h, is an automorphism. 
Let r be the B-endomorphism of BX given by z(x) = q(x) for XE X. 
Obviously r is elementary and h, = h, is an automorphism of X. Again, by 
Theorem 1.4, we obtain that r is an automorphism. Setting 0 = t ’ we get 
an X-isomorphism cp 0 0, and so A is strongly X-invariant. i 
COROLLARY 2.2. A ring A is totally X-invariant tjf for any ring B and 
isomorphism cp: AX + BX holds q(A) G B. 
Proof: By Theorem 2.1 we can assume that cp is an X-isomorphism. But 
then BX = q(A) X. 
Corollary 2.2 can also be proved directly like in the case of polynomial 
rings [ 11. 
In [ 10, Lemma 3.61 the following result was proved. 
THEOREM 2.3. Let A he a ring. The following are equivalent: 
(a) A is X,-invariant, 
(b) A is X,-invariant for all n 3 1, 
(c) A is X,-invariant for some n 3 1. 
We are now in a position to show that the effective types of invariance 
enjoy a similar property. For the proof we will need a more precise version 
of Lemma 3.2 from [lo]. 
LEMMA 2.4. Let X be a free abelian group of rank two generated by 
1x1, x2} and let Y be the infinite cyclic group generated by { y}. Zf 
cp: RX -+ SY is an isomorphism then there exist an R-automorphism 
5: RX -+ SY and an S-automorphism a: S -+ SY such that ocps(x,) = y. 
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THEOREM 2.5. Let A be a ring. The following are equivalent: 
(a) A is strongly X,-invariant, 
(b) A is strongly X,-invariant .for all n 3 1, 
(c) A is strongly X,-invariant ,for some n 2 1. 
Proof (a)*(b) We proceed by induction on n. Let n > 1 and 
cp: AX, 5 BX,. Take u E U(A); then q(u) = u. C e,x, + p. By Theorem 2.1 
it is enough to show that xi = 1 for all i. Assume the contrary, e.g., x, # 1. 
Set e = e, and f = q’(e). Then cp induces an isomorphism fAX + eBX and 
cp(fu) = vex, + p’. In view of Proposition 1.1 we can and will assume that 
q(u) = vx + p, x # 1. 
Pick a basis {Y, ,..., Y,,} for x, so that x=y:, k>O. Put 
R=A(y I,“‘, Y,,-z), S=B(y,,..., Yn-, ). Applying Lemma 2.4 we can 
additionally assume that cp( y,) = y,,. Therefore 
~((1 - Y,,) AX,) = (1 - Y,,) Bxn 
and cp factors to 4: A ( y, ,..., y,, 1 ) 2 B( y, ,..., y,, , ) with 
(p(u) = ux + p’. 
By the induction hypothesis A is strongly X, ,-invariant and so by 
Theorem 2.1 we obtain that G(u) E U(B) + P( BX,, ~ ,). This is a contradic- 
tion. 
(b) 3 (c) Obvious. 
(c)=(a) If cp: AX, -+ BX, is an isomorphism then for any n 3 1, q 
induces an isomorphism cp,,: AX, + BX, extended by identity on the new 
generators. This remark together with Theorem 2.1 completes the proof. 1 
THEOREM 2.6. Let A be a ring. The following are equivalent: 
(a) A is totally X,-invariant, 
(b) A is totally X,,-invariant ,for all n 3 1, 
(c) A is totally X,-invariant .for some n 2 1. 
Prooj (a)+(b). We proceed by induction. Let n > 1 and 
cp: AX, 5 BX,. By assumption and by Theorem 2.5 we know that A is 
strongly X,-invariant. Therefore we can assume that cp is an X,- 
isomorphism. Take an element aE A. Write cp(a) =x b,xi with xi all dif- 
ferent. Assume that some xi, say xi, is different from 1. It is easy to find an 
epimorphism CC X, + X,- , such that CI(X,) # 1 and cc(xi) #a(~,) for i> 1. 
Obviously a induces epimorphisms 
and ~1~: BX,+ BX,,+,. 
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The isomorphism cp, being an X,-homomorphism, factors to 
Now @(a) = C bi @(xi) $ B. This contradicts the induction hypothesis. Thus 
q(a) E B, as desired. 
The implications (b) =S (c) and (c) S- (a) can be proved like in the proof 
of Theorem 2.5. 1 
3. INTRINSIC CHARACTERISATIONS 
From the previous section it follows that when studying free abelian 
groups of finite rank we might restrict our attention to the infinite cyclic 
group. In this case the definitions of the strong and total X-invariance can 
be interpreted as in [13] in the following way. The ring A is strongly X,- 
invariant iff A[x, x ‘]= B[y, ~~‘1 implies A[x, x-l]= B[x, x-‘1. 
Similarly, the ring A is totally X,-invariant iff A[x, x- ‘I= B[ y, y -‘] 
implies A = B. Here the letters x, J’ stand for variables. 
It comes out that in the above definition of strong invariance we can 
additionally assume that B is isomorphic to A. We are going to prove the 
last statement using the terminology of the previous section. In particular 
we continue to assume that X is free of finite rank. In this way we arrive to 
an intristic characterisation of the effective invariance types for such 
groups. 
THEOREM 3.1. Let A be a ring, X= (x): an infinite cyclic group. The 
following are equivalent: 
(a) A is strongly X-invariant, 
(b) ,for any automorphism cp: AX -+ AX we have q(U(A))c U(A)+ 
P(AX), 
(c) Aut(AX) = Aut,(AX) x Aut,(AX) as sets. 
Here Aut,(AX) (resp Aut,(AX)) stands for the set of X-automorphisms 
(resp. A-automorphisms) of AX. 
Proof (a) =S (c) Directly from the definition. 
(c)=(b) Take cp~Aut(AX). By assumption, cp= (pIo(p2 where 
q, E Aut,(AX) ‘pz E Aut,(AX). Obviously cp( U(A)) = cpl( U(A)). Thus we 
can assume that cp is an X-automorphism. 
Take u E U(A). Write q(u) = v. CfCk e,x’+ p with idempotents ek, e, # 0. 
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Assume that I > 0. Define an A-automorphism z: AX+ AX by setting 
r(x) = UX. Then 
cpz(x)=cp(ux)=u i e,xi+‘+p’. 
i=k 
By assumption, (cpr)) ’ has a decomposition: (cpr) ’ = $,- ’ 0 $2 ’ where 
$i EARN,, $2~ Aut,(AX). That is, cpr = $,o$, Let us compare the 
values of both sides at x. 
u. f: e,x”‘+p’=cpz(x)=($p$,)(~)=$~(x) and $* E Aut,(AX). 
r=k 
Let us consider the restriction g of $2 to e,AX. Then c is an 
e,A-automorphism such that a(x) = e, ux’+ ’ + p”. Therefore 0 is elemen- 
tary but in the same time h, is not an automorphism. This contradicts 
Theorem 1.4. It must be then I< 0. Similarly we can verify that k 3 0, and 
so q(u) = 0 + p E U(A) + P(AX). 
(b)*(a) Let cp: AX+ BX be an isomorphism. In [ 12, Theorem 
IV.4.51 and in [ 10, Sect. 23 it was proved that A and B must be sub- 
isomorphic. More precisely, there exists an overring C of B, isomorphic to 
A, such that B is a direct summand of C as a B-module. Moreover, there is 
an isomorphism $: AX-+ CX such that $I,,, = cpl A. Let /I: C -+ A be an 
isomorphism. Then /l induces an X-isomorphism r: CX-+ AX. The com- 
position r$ is an automorphism of AX, to which we apply condition (b). 
Consequently, if u E U(A) then r+(u) E U(A) + P(AX). Therefore 
$(u) E U(C) + P( CX). However, Ic/( U) = cp( U) E U( BX). Because B is a direct 
summand of C, we get $(u) E U(B) + P( BX). By Theorem 2.1 we obtain 
(a). I 
Remark 3.2. By the above theorem and the apparent possibility of 
extending automorphisms from AX, to AX, one can easily prove 
Theorem 3.1 for an arbitrary X, with n 2 1. 
In the case of the total invariance we have the following analogue of the 
previous theorem. 
THEOREM 3.3. For any ring A and n 3 1 the following conditions are 
equivalent: 
(a) A is totally X,-invariant, 
(b) For any cp E Aut(AX) holds q(A) = A. 
Proof (a) = (b) Clear from definition. 
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(b) = (a) Remark 3.2 implies that A is strongly X,,-invariant. Let 
cp: AX,, + BX,, be an isomorphism. As A is isomorphic to B, we can choose 
an isomorphism /I: B -+ A and extend it to an X-isomorphism 
t: SX, + AX,,. Now, zcp is an automorphism of AX,,. By assumption, 
zcp(A) = A, so q(A) = B, as r was induced by a map of coefficients. 1 
An analogue of (a)o (c) from Theorem 3.1 seems to be of more com- 
plicated nature. 
PROPOSITION 3.4. Let n 3 1 and let A he a ring such that for any 
h E AX,,\A there exists an automorphism 0 E Aut,(AX,,) such that o(h) # h. 
Then the following conditions are equivalent: 
(a) A is totally X,I-invariant, 
(c) Aut AX is a semidirect product of its normal subgroup Aut,(AX) 
with Aut( A). 
Proof (a)*(c) If cp E Aut(AX,,) then by assumption via cAut(A). 
The restriction map is really a group homomorphism with kernel 
Aut,(AX). But the group Aut(A) can be treated as a subgroup of 
Aut,(AX,) in a natural way. 
(c) 5 (a) Let cp be an automorphism of AX. By Theorem 3.3 it is suf- 
ficient to show that q(A) c A. Take aE A such that cp(a) E AX,\A. By 
assumption we have an A-automorphism CJ of AX,, such that acp(a) # cp(a). 
By condition (c), crv = qt where r E Aut(A). Thus acp(a) = cpT(a) = cp(a): a 
contradiction. 1 
It is easy to see that the assumptions of the last proposition are fulfilled 
in particular when either n 3 2 or A is an algebra over an infinite field. On 
the other hand, if A is a finite field then conditions (a) and (c) are still 
equivalent, without the extra assumption on A being satisfied. It would be 
worthwhile to clarify the situation completely. 
4. GROUPS OF FINITE RANK 
In this section we will assume that Y is a group of finite rank, although 
not necessarily free. By X,, we continue to denote a free abelian group of 
rank n. For most groups Y there exist rings of all three kinds of invariance. 
It is related to the cancelation properties in abelian groups, see 
[2; 3; 5, Sect. 903. 
THEOREM 4.1. Let A be a von Neumann regular ring. Then A is total1.y 
Y-invariant. 
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Proof: Let q: A Y -+ BY be an isomorphism. By Lemma 1.3 we can 
assume that cp is elementary. Thus h, can be considered. 
Let Z denote a minimal prime ideal in A. Then ZY is a minimal prime 
ideal in A Y and hence cp(ZY) = JY for some minimal prime ideal J in B. 
After a factorisation we obtain Cp: (A/Z) Y -+ (B/J) Y. Clearly, h, = h,. The 
regularity of A implies that A/Z is a field. By the triviality of units we know 
that @(A/Z) c B/J. In particular h, is a surjection. As Y is of finite rank, h, 
must be an automorphism. 
Because A (and hence B) are reduced so Theorem 1.4 implies that the B- 
endomorphism O: BY -+ BY given by a(y) = q(y) is an automorphism. 
This easily implies that A is strongly Y-invariant. Thus we can also assume 
that cp is an Y-isomorphism. 
We observed earlier that for all minimal prime ideals IS A holds 
@(A/Z) c_ B/J for a suitable ideal JC B. This gives q(A) E B. Therefore 
BY= cp(AY) = q(A) Y. Thus q(A) = B. 1 
THEOREM 4.2. Zf A is a von Neumann regular ring then the polynomial 
ring A[t] is strongly Y-invariant but it is not totally Y-invariant. 
Proof. Let us note that each minimal prime ideal in A [r] is of the form 
Z[t] where Z is a minimal prime ideal in A. Moreover, U(A[t]) = U(A), as 
A is reduced. Thus the first part of Theorem 4.2 can be proved exactly like 
in the proof of Theorem 4.1. 
Now, if y E y\{ 1 } then we can consider a A[ Y]-automorphism cp of 
(A[t]) Y such that q(t) = ty. Clearly, q(t)+ A[t]. Hence A[t] is not totally 
Y-invariant. 1 
In the above theorem one could use in place of A[t] a polynomial ring 
on any (nonempty) set of variables. To proceed further we will need 
LEMMA 4.3. Let K be a jield, B a ring, and G a torsion:free abelian 
group. Zf (KG) Y z BY then there exists a group H such that B z KH and 
Gx YzHx Y. 
Proof: Let cp: (KG) Y + BY be the given isomorphism. As the coefficient 
rings are domains, the groups of units are trivial and so 
cp: U(K) x G x Y 4 U(B) x Y. Because q(K) c B, the map cp factors to 
Gx Yz Hx Y where H= U(B)/(p(U(K)). 1 
A typical example of an X,-invariant ring which is not strongly X,- 
invariant is KX, with K, a field. In our setting we obtain the following 
proposition. 
PROPOSITION 4.4. Let K be a ji’eld. Then KX, is Y-invariant. Moreover, 
KX, is not strongly Y-invariant iff Y admits a projection onto an infinite 
cyclic group. 
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Proof: Let cp: (KX,) Y + BY be an isomorphism. Lemma 4.3 provides 
us with a group H such that BE KH and X, x Y z H x Y. It is easy to see 
that Yz X, x G where G admits no projection onto X,. Therefore 
x ~+,xG~HxXX,xG~XX,xHxG. 
As G is of finite rank, there exists an epimorphism H x G + X, . By the 
choice of G it follows that there is also an epimorphism H + X, . As H is of 
rank one, it is isomorphic to X,. Thus B= KH z KX,, so KX, is Y- 
invariant. 
For the second part we again use the decomposition Y = X, x G. If r > 0 
then we can consider an automorphism CI of X, x X, x G which permutes X, 
with one of its isomorphic copies in X,. We extend ~1 to an K- 
automorphism c: (KX, ) Y + (KX,) Y which is elementary. It is clear that 
h, = al y is not an automorphism of Y. Thus, by Theorem 1.4 one can verify 
that KX, is not strongly Y-invariant. 
Consider now the case r = 0, that is Y = G. Let cp: (KX,) Y + BY be an 
isomorphism. For gE Y we put 
dg)=a(g).B(s) with cz(g)E U(B), P(g)E Y. 
We can also assume that cp -l(g) =y( g). S(g).q(g), where y(g)E U(K), 
6(g) E X, ,q( g) E Y. All maps defined above are group homomorphisms. By 
the choice of G we know that 6 is trivial. For arbitrary gE Y we have 
As q(K) c B, the first two terms in the above product lie in B. Thus 
g = fl(q( g)) and so /3 is an epimorphism. Therefore b is an automorphism 
of Y, by the finiteness of its rank. It follows that the B-endomorphism 
r: BY + BY given by ~(8) = cp( g) = cz( g) p(g) is an automorphism. Now 
we can set the map 0 from the definition of the strong invariance to be 
equal to rV’. 1 
Again, instead of X, we could use any free abelian group. 
Remark 4.5. Another possibility of producing examples of rings which 
are Y-invariant, but not strongly Y-invariant is to take KY itself, K, a field. 
Such a ring is for sure not strongly Y-invariant. However, it is not always 
Y-invariant. By Lemma 4.3 and Corollary 1.5 one can easily see that KY is 
Y-invariant iff Y x Y z Y x H implies Y z H. 
The above-mentioned cancelation property is satisfied for example when 
Y is divisible. However, in this case we know a lot more. 
THEOREM 4.6. Let Y be a divisible group. Then each reduced ring is 
Y-invariant. 
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Proof. Assume Y is of rank one. Let A be a reduced ring and 
~0: A Y -+ SY, an isomorphism. By Lemma 1.3 we can assume that cp and 
cp - ’ are elementary. Because A (and hence B) are reduced, we can write for 
YE K 
cp(Y)=dY)P(Y)> cp ‘(Y)=Y(Y)d(Y) 
with cz( y) E U(B),y( y) E U(A), fi( y), 6(y) E Y. Obviously the maps a, /I, 7, 6 
are group homomorphisms. 
If b is nontrivial then, by the choice of Y, b is an automorphism. In this 
case, like at the end of the proof of Proposition 4.4, we can construct a B- 
automorphism cx BY -+ BY such that crcp: A Y + BY is an Y-isomorphism 
and so A z B. 
If 6 is nontrivial a symmetric argument leads to the same conclusion. 
Finally, assume /I(y) = 6(y) = 1 for all y E Y. Let t be an A-automorphism 
of A Y given by z(y) = y( y) . y (see Theorem 1.4). Now cps( y) = 
cp(~(~)~)=cp(~(~)~(~))~cp(~)=cp(cp~’(~))~cp(~)=~(~)~~. Thus v is 
elementary and h,, is an isomorphism. The first part of the proof guaran- 
tees A z B. This ends the proof in the case of rank one. 
In general, the group ring of an arbitrary torsion-free group G with 
reduced coefficients is itself reduced. This makes possible an induction on 
rank Y, which ends the proof. 1 
It is well known that there exist domains which are not X,-invariant. (see 
[S, 131). If A is such a domain and Y = X, x G then A is not Y-invariant. 
Another way of constructing rings which are not Y-invariant is to find tor- 
sion-free abelian groups G, H such that G x Y z H x Y but G & H and to 
apply Corollary 1.5. 
5. REMARKS AND COMMENTS 
An analogue of Proposition 1.1 for X-invariance is valid if A is a finite 
product of rings without nontrivial idempotents. The author does not 
know whether it is true for an arbitrary ring A. 
Corollary 1.2 is an immediate consequence of Proposition 1.1. For the 
effective types of invariance, in the context of free abelian groups of finite 
rank, this corollary can be strenghtened to the following. 
THEOREM 5.1. Let X he a free abelian group qf,finite rank. Let { Ai}i,, 
be a family of rings. Then nie, Ai is strongly (totally) X-invariant iff A, is 
strongly (totally) X-invariant for all i E I. 
Proof: We give the proof for the case of strong invariance only. Let 
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A = nit1 A,. If A is strongly X-invariant then so are all A, by 
Proposition 1.1. 
Assume now that all Ai are strongly X-invariant but that A is not. By 
Theorem 2.1 there must exist a ring B, an isomorphism cp: AX+ BX and 
u E U(A) such that q(u) # U(B) + P(BX). We can write q(u) = u C eix, + p, 
as usual. We can assume that x, # 1. Set e=e, and ,f= 4’(r). Then 
f= (,f;)iE ,. Consider 
B’=eB and A’ =fA = n ,f,Ai. 
IE, 
The homomorphism cp restricts to an isomorphism cp: A/X-+ B’X. In other 
words, we can assume that q(u) = ux + p where x # 1. 
Let i E I be chosen so that ,f, # 0. We put e, = q(,fi) E B. Then 
dA,)J’= cp(.f,A)X=e,BX 
and the restriction of cp to A,X is such that cp(f;u) = e,ux+ p’ where 
v E U(B), p’ E P(eiBX). Also cp(,fiu) $ U(e,B) + P(e,BX). But A, was sup- 
posed to be strongly X-invariant. We got a contradiction with 
Theorem 2.1. 1 
The basic tool in the proofs in sections two, three and four was 
Corollary 1.2 as well as Lemma 1.3. The latter lemma does not generalize 
to groups of infinite rank (see Example 4.9 in 9). 
In the results of sections two and three on free groups a special role was 
played by Theorem 2.1. Again, it cannot be extended to arbitrary groups, 
even of finite rank. On one hand let us consider any noncyclic group Y of 
rank one. If we apply Proposition 4.4 we obtain a ring KX, which is 
strongly Y-invariant together with an automorphism cp such that 
q( U(KX, )) is not contained in U(KX,). On the other hand we have 
EXAMPLE 5.2. Let K be a field of characteristic p. Consider the 
polynomial ring K[t,, r,,...] and its ideal I generated by {tf, 
t; - t,, t$ - tz ,... }. Set A = K[t,, t, ,... ]/Z with ai = t, + I. In particular A is a 
local ring and A/P(A) is a field isomorphic to K. Take Y equal to a tor- 
sion-free p-divisible abelian group of rank one. Let (T E Aut(A Y). Reducing 
the ring A Y modulo p the map (T induces an automorphism 6 of KY. Thus 
we get C(K) = K. This gives that 
a( U(A)) E U(A) + P(AY). 
However, we show that A is not strongly Y-invariant, 
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Pick gE r\{ 1 f. Then any element y E Y can be written as JJ = g’l‘ for 
some relatively prime integers Y, s. Set g, = g, g,, + , = g,!‘P for n > 0. Now, 
each element y E Y can be uniquely written as 4’ = g;: with Y, s relatively 
prime and p 1 s. 
Let 
G= (g”“: (r,s)= 1, pjs) and H= (g,, gz,...). 
It is clear that G. H= Y and Gn H= (g). 
We define a G-automorphism cp: A Y + A Y which is K-linear and such 
that 
d 8,) = g, + 0, g, + I ) da,) = a, g, + I for i3 1. 
By the choice of elements a, it follows that cp is well defined and that cp is 
really an automorphism of A Y. Also 
q(A(A)) s U(A) + P(A Y). 
Assume that A is strongly Y-invariant. Then for a suitable A- 
automorphism CJ of A Y holds: u ~ ‘( ~1) = cp( y). In particular c ‘(8,) = g, 
and gp’(gi)=g,+ulgi+I for i 3 1. One can calculate now like in [9, 
Example 6.31 that no A-automorphism can satisfy these relations: there is 
no element h E A Y satisfying r~ ‘(h) = g, . 
The author does not know whether the ring A considered above is Y- 
invariant. When Y is divisible, this question is interesting in view of 
Theorem 4.5. 
Finally, let us consider the case of groups of infinite rank. It is not 
possible to extend most of our results to infinitely generated torsion-free 
abelian groups. Let, say X, be a free abelian group of infinite rank. It is 
clear that Xz X, x X. Thus, if A is an X-invariant ring then A CC AX,, so A 
must be rather pathological; in particular it cannot satisfy any finiteness 
conditions. However, we will provide an example of such a ring. 
EXAMPLE 5.3. Let G be a free abelian group with rank C > rank X. For 
convenience, let K be a field. We show that A = KG is X-invariant. 
Let B be a ring and let cp: AX+ BX be an isomorphism. Lemma 4.3 gives 
us a group H such that B z KH and G x X z H x X. Thus H is a free 
abelian group. A simple calculation on ranks shows that G z H. Thus 
A=KGzKH=B. 
As to the other types of invariance, the situation for free groups of 
infinite rank is even worse. 
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PROPOSITION 5.4. Let X be a free abelian group of infinite rank. There 
are no strongly X-invariant rings. 
Proof: Assume A was such a ring. Let B= AX,. Consider an 
isomorphism CI: X-+ X, x X. It induces an A-isomorphism 
cp: AX-+ (AX,)X= BX. 
From the assumption it follows that there is a B-automorphism r~ of BX 
such that acp is an X-isomorphism. Let x E Xj ( 1 } be such that U(X) E X, 
Then x = ocp(x) = q(x) E B which is impossible. 1 
This proposition implies that there are no totally X-invariant rings, as 
well. 
If our group X happens to be “sufficiently nonhomogeneous” then one 
can produce examples of rings which are strongly and even totally X- 
invariant. 
EXAMPLE 5.5. For each prime p let X(p) be the unique torsion-free 
abelian group of rank one which is not p-divisible but is q-divisible for all 
q # p. Let X be the discrete product (direct sum) of all X(p). Obviously X 
is of infinite rank. Let K be a field. We show that K is totally X-invariant. 
Let cp: KX+ BX be an isomorphism. From Lemma 4.3 we obtain a 
group H such that B = KH and H x X z X. Let g be a fixed isomorphism 
XxH+X. Then for any prime p and X(p)cXx H holds cc(X(p))s 
X(p) z X by the characteristic property of X(p). Hence a(X) c X and it 
intersects each X(p) in a nontrivial way. On the other hand, U(X) is a 
direct summand of X. This implies a(X) = X and so H = { 1 f, i.e., B = K. 
Finally, cp( K) = B z K. 
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